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4 E SPACE-TIHES+ 

1. Introduction. 

I n  a recent paper i;err and Schild [l] have considered the  

s o l u t i o n  of the  vacutm f i e l d  equations Rab = 0, f o r  a space-tine 1) 

with m e t r i c  tensor gab of t h e  form 

Here 

are Cartesian,  but not necessarily rectangular,  and i s  a n u l l  

ab vec tor  f i e l d ;  g kaP% = 0. The contravariant components of t h e  

m e t r i c  t ensor  take t h e  s i m p l e  form 

nab i s  the  metric of llinkowski space i n  coordinates which 

ka 

ab - kakb , g = n  
ab 

ab 
where ka = 

f l a t  space-time. A n  important r e s u l t  for t h e  above space-tines is  

t h a t  they are a lgebra ica l ly  spec ia l  i n  t h e  sense of t h e  Pirani-Petrov 

c l a s s i f i c a t i o n .  

g k,; consequently ka is a l s o  a n u l l  vec tor  of t h e  
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.................................................... 
1) By space-tine w e  w i l l  mean a four-dimensional Riemannian space 

of s igna ture  +2. q u a n t i t i e s  i n  space-time w i l l  be defined as in: 

Riemannian Ckonetry by L. P. Eisenhart (Princeton University press) . 
+ 
t r a t i o n  under grant Ns G-416, University of Pit tsburgh. 

Supported i n  p a r t  by t h e  National Aeronautics and Space Adminis- 

Nore ~ e n e r a l l g ,  given an a r b i t r a r y  space-time v4 wi th  

netric tensor  

t h e  tensor  

gabs and a n u l l  vector f i e l d  k,, then w e  can consider 

as t h e  metric tensor  of a re la ted  space-time 

re l a t ionsh ip  of V4 t o  V4 i s  considered and a gene ra l i s a t ion  of 

t h e  above r e s u l t  concerning t h e  Petrov type of V4, when V 4  is a 

V4. In  t h i s  note the  
0 

0 

f l a t  space - the ,  is  given. 

ab 
2. Preliminary W u l t s .  L e t  g 

metric tensors of V4 and V4 respectively.  The tensor  S is 

defined by: 

and Eab denote t h e  cont ravar ian t  - ab 

ab ab ,ab s - 8  - g  . 
Hence 

which reduces t o  
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(iabk, + sab\)kc + SabibC = 0 .  

-cc The cont rac t ion  of t h i s  equation with cc = g kd, and t h e  assump- 

tion t h a t  kc is  

From (2.1) w e  see 

and f u r t h e r  

a n u l l  vec tor  f i e l d  of t, gives 

ab- -cd 
gbcg kd = sa% = 0 , 

t h a t  

The cont ravar ian t  form of (1.1) is therefore  

and ka i s  also a n u l l  vec tor  f i e l d  of V4, 

The metr ic  r e l a t i o n s  (1.1) and (2.2) w i l l  imply a correspon- 

dence between q u a n t i t i e s  i n  V, and f,. I n  p a r t i c u l a r ,  t he re  w i l l  

be r e l a t i o n s  between t h e i r  respective a f f i n e  cmnexions and curva- 

t u r e  tensors. 

We w i l l  denote by ";'' covariant d i f f e r e n t i a t i o n  wi th  respec t  

t o  t h e  connexion rbc of V4, and by " 1  1 "  covariant d i f f e r e n t i a t i o n  

with respect t o  rbc the  connexion of ?,. A simple ca l cu la t ion  

gives 

a 

-a 
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denote t h e  symmetric and antisymmetric [a1 Ibl 
and k 'Ihere 

p a r t s  of k 
k( a 1 I b) 

d and q, = kcl Idk . We note  a l s o  t h a t  
al IbS 

a b c  -a b c 
rbck k = rbck k , 

and 

a . -a 
(2 7) rba = 'ba 

It follows the re fo re  t h a t  

From equations (2.4)-(2.7) we deduce t h e  following theoren. 

Theorem 2.1. 

i nva r i an t  under t h e  transformation q4 V4 given  by (1.1). Fur 
t h e r  i f  ka is a geodesic vector f i e l d  of 0,. then it I s  a l s o  

g e o d e s i c &  V4, and the  shear and r o t a t i o n  [2 ]  of ka are a l s o  

inva r i an t  

The expansion [2] of the  n u l l  vec tor  f i e l d  ka - 
-- 

Proof - 
We have t h e  relation 

I I  

II 
I 



which with (2.5) i m p l i e s  

(2.9) k al Ib = ka;b - k(aab) * 

and 

I 

The expansion o of ka i n  V4 is defined by 

From (2.7) or  (2.9) we have 

5 

= kalla. 

and t h e  f i r s t  p a r t  of 

For the shear 

have 

t he  theorem follows. 

0 u and the r o t a t i o n  of k, i n  c4 w e  

Sow from (2.10) 

a;b 1 b a;b a b  
(a;b)k - k(a;b)k k(a;b)k - q qb = k  

- 
\le have already t h a t  8 - 8 and the re fo re  

(2.11) 

S imi la r ly  from (2.9) we have for  t h e  r o t a t i o n s  

(2 . 12) 
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- 
The condition f o r  ka t o  def ine  a geodesic congruence i n  V 4  is  

qa = Aka; and from (2.8) t h i s  is invar ian t  under c 4  V4. The 

second part of the  theorem now follows from (2.11) and (2.12). 

3. GeneralNatioq of the K e r r S c h i l e  Resulf. An elementary 

ca l cu la t ion  gives t h e  r e s u l t  

a b  b 
Rabk4nb = Eabk k + q qb 

from which follows 

Theorem 3.1. 
__.cc 

- If G4 V 4  are vacuum soace-times then ka necessa r i ly  

de f ines  a n u l l  congruence of geodesics i n  both T4 V4. 

Proof. 

b From (3.1) q q,, - 0, and a l s o  from the  d e f i n i t i o n  of qb. 

k qb = 0. Since space-time i s  of s igna ture  +2, no two real  n u l l  

vec tors  can be orthogonal unless one is a n u l t i p l e  of t h e  other.  

Therefore w e  must have 

b 

qa kal [bkb = ka;b kb = Aka , 

and t h e  congruences defined by ka are necessar i ly  geodesic. 

Theorem 3.2. - - - If V 4  - and V4 are vacuum space-times and V 4  a lgebra ica l ly  

special in the  Pirani-Petrov c l a s s i f i c a t i o n  with ka as a double root  -- 
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of i ts  Debever equation, then V4 - is  necessar i ly  alRebraically 

special with ka as a double root of i t s  Debever equation. 

---I 

-* groof 

The Goldberg-Sachs theorem [3] implies t h a t  ka is a 

geodesic and s h e a r f r e e  congruence of q,. The conditions of the 

theorem ensure t h a t  both these  propert ies  hold a l so  f o r  the  congruence 

defined i n  V4 by ka. Hence by t h e  GoldberE-Sachs theorem V4 

i s  a lgebra ica l ly  spec ia l  with ka 

equation. 

as a double roo t  of i t s  Debever 

The conditions on 0, can be considerably weakened and y e t  

preserve the r e s u l t  f o r  t h e  spec ia l  Einstein space 

i f  it is assumed t h a t  

gruence i n  G4, ( t 4  is not necessar i ly  a lgebra ica l ly  spec ia l )  then 

i t  follows t h a t  it a l so  def ines  a geodesic and s h e a r f r e e  congruence 

i n  V4, and hence from the Goldberg-Sachs theorem V4 i s  a lgebra ica l ly  

s p e  ci a1 . 

V4. I n  f a c t  

ka defines a geodesic and shear-free con- 

mmmrms 
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